The diameter of a convex set C is the length of the longest segment in C, and the local diameter at a point p is the length of the longest segment which contains p. It is easy to see that the local diameter at any point equals at least half of the diameter of C.
Introduction
Let C be a compact convex set in the plane, and let d be its diameter. For any point p in C, define the local diameter of p to be the length of the longest chord in C which contains p.
It is easy to show that the local diameter of p must be greater than d/2. Let a and b be points of C for which ab is a diameter of C. By the triangle inequality, at least one of ap, bp has length at least d/2. This paper focuses on an analogous result for convex lattice polygons. Let a convex lattice polygon P be the intersection of a compact convex set with the integer lattice Z 2.
Let the lattice diameter of P be the maximal number of collinear (lattice) points from P. Given a lattice point p E P, let the local lattice diameter of p be the maximal number of points from P on a line through p. Both lattice diameter and local lattice diameter appear to have first been defined in [1] . As is customarily done with the usual * E-mail: alarcoeg@uwec.edu.
0012-365X/98/$19.00 Cop)right ~) 1998 Elsevier Science B.V. All rights reserved PII S0012-365X(98)00026-0 Euclidean diameter, I will use the term 'lattice diameter' to refer both to the maximal number of collinear lattice points from P and to specific lines containing maximally many lattice points from P.
There need not be any relationship between the lattice diameter of a polygon and the local lattice diameter of its points. Consider the triangle T with vertices (I, 0), (n, 0), and (1, 1 ); P has lattice diameter n, but (1, l ) has local lattice diameter 2, regardless of n. Nor should any relationship be expected; lattice diameter certainly would not induce a metric, and in particular, the triangle inequality would not hold in this setting. It turns out, however, that for sufficiently large convex lattice polygons, the local lattice diameter of every point is at least L(n -2)/2J, where n is the lattice diameter of the polygon. We are, in fact, able to give an exact lower bound on the cardinality of P, depending only on its lattice diameter, which ensures this result.
This result, which is stated in Theorem 3, continues in the spirit of various extremal or Ramsey-type results on convex lattice polygons. For example, Arkinstall [2] proved that any convex pentagon, all of whose vertices are lattice points, must contain at least one interior lattice point. Rabinowitz [6] has obtained similar results for n-gons with n small.
Let a cover 5 "~ for P be a collection of lines so that every point of P lies on at least one line from SP. A minimal cover for P would be a cover for P which is of minimal cardinality. Corzatt [3] has obtained various extremal results concerning minimal covers for convex lattice polygons. He conjectured (1974) that minimal covers can always be found whose lines have at most four different slopes, and showed that four slopes are sometimes necessary. This author has shown [1] that any convex lattice polygon can have lattice diameters with at most four different slopes. While it seems likely that a greedy algorithm to find minimal covers with few slopes would involve looking for lattice diameters first, Corzatt's conjecture remains open.
Before continuing further, we set some notation. Throughout the paper, let P and Q denote convex lattice polygons. Let ~, denote the set of all convex lattice polygons whose lattice diameter is n, n >~2. Denote by c(p) the local lattice diameter of the point pEP. Clearly, if PE~,, then 2<~c(p)<~n. Lastly, let N(P) denote the cardinality of P.
Statement of main results
We begin with a result, due to Rabinowitz [5] which will be extremely useful in what follows. His statement is different, making no mention of lattice diameters. 
form a collection of n + 1 collinear lattice points from P, contradicting P E ~,.
Theorem 1 easily generalizes: If P is a convex lattice polytope in R" with lattice diameter n, then N ( P ) ~ n m.
We now state our main results. Theorem 3 is the result outlined in the introduction. It is a direct consequence of Theorem 2, which has some interest in its own right. The proofs are deferred until we develop some preliminary material. Theorem 3. Let P E ~, n >1 8.
If n is even and N ( P ) >>. 1 2 ~(n -2n -4), then c(p) > ~-for all p E P. 2. If n is odd and N(P) >~ I
In both cases, the given value of N(P) is best possible. Recall that, in ~n, we have N(P) <~ n 2. So Theorem 3 says that, if P is roughly half the size it could be, then every point in P has local lattice diameter at least roughly half of the lattice diameter of P.
Preliminaries
The proof of Theorem 2 requires the use of some normalizations on convex lattice polygons. Much of the following is treated in greater detail in [4] .
Define an action from SL(2,Z) to Z 2 as follows:
y)( a bd) =(ax+ey, bx+dy).
If P E :~n and A E SL(2,Z), then we can define PA by applying the above operation to all points of P. It is well known that this operation, known as a unimodular affine transformation in the literature, preserves parallel lines and adjacent lattice points in convex lattice polygons. We can therefore define an equivalence relation ~ on convex lattice polygons, where P ,-~ Q if and only if there exist A ESL(2,Z) and pEZ 2 so that Q = PA ÷ p. Here addition of a lattice point corresponds to a translation. Therefore, in studying ~n, it suffices to work up to this unimodular equivalence. Unimodular affine transformations exist to take any pair of visible points to any other pair of visible points. From this it follows that, in each equivalence class of ~n, there is a figure containing the points (1,0) and (n,0). Once we have PE,~n with a lattice diameter at { (1,0) ,..., (n, 0)}, a further normalization is possible. 
Further, if b=n+ 1, then we can assume, without loss of generality, that p = (n + 1, n + 1 ).

Proof. For each k E Z, define
Rk := {(x, y): ky + 1 <<.x<~ky + n,y>~n} and let R= 0 Rk.
k=-cx~
Note that, if (x,y)ERk, then x=ky +z, where l<~z<~n and y>>.n; so that the line from (z,0)EP to (x,y) contains y + 1 >n points. It follows that no point of P lies in R.
Let (a,b)EP. If [bl<<.n-1, then there is nothing to prove. Now, note that R contains every lattice point with y-coordinate n, so we can assume that b ~> n + I. Using Lemma 4, we can also assume that (a,b)E {(x,y): 1 <~x<<.y}. Since b>>.n + 1 and since (a,b)~Ro = {(x,y): 1 <~x<~n,y>>.n}. We can, in fact, assume that (a,b) lies in the region R' := {(x, y) : n + 1 ~<x ~< y, y/> n + 1 }, which is the region containing all the lattice points 'between' R0 and R1.
We claim that the only point in R' which could be in P is (n + 1, n + 1), which would establish the result. Draw one line through (1,0)Ef and (n,n)ER0 and another through (n,0)E f and (n + ½,n)ER1. The intersection of the lines is the point q=(n+ 1 + 1/(n-2),n+ 1 +2/(n-2)), unless n=2, in which case the lines are parallel. No point in R ' which is not strictly interior to the triangle with vertices (1,0), (n,0), and q can be in P, for this would imply that either (n,n) or (n + 1,n) is in P.
Clearly, for n >/3, (n + 1, n + 1) is the only point in the interior of the triangle. For n = 2, all points between the indicated lines lie on the line y = 2x-3, and clearly only (3,3) can be in P. []
Proof of Theorem 2
We begin with three lemmas. Two pieces of notation will be useful.
1. Let hi be the line y = i and let vi be the line x = i. 2. Let h(i) denote the number of points from P which lie on hi. 
Proof.
We prove the theorem by assuming that there exists p E P with e(p)<<.j and showing that this implies that N(P) <~ (j -1 )n + 2j -1.
First, we normalize P: assume that P has a lattice diameter with endpoints (1, 0) and We consider four cases, depending on whether or not hm or hm-j have lattice points, respectively, above or below them.
Case 1: Suppose that there are a > 0 rows above hm which contain points of P, and b > 0 rows below hm-j which contain points of P. Then 
and, again using Lemma 8 m--1 m +a
h(i)+h(m)+ ~ h(i)<~j+a(2j+2). i=m--a i=m+l
Combining the above gives
Case 2: Suppose that there are points of P in a>0 rows above hm, and no points of P in rows below hm-j. Then Assume that j >/3 and that n/> 2j + 2. Consider the convex lattice polygon en,j E ~i~n whose vertices, in counterclockwise order, are (O, O), (1, -1), (j -1, -1), (n -l, O), (n -l,j -2), (j -l,j -1) and (O,j-1).
